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In this paper, by means of a kind of new idea, we consider the (∈,∈ ∨q)-fuzzy Hv-ideals of
aΓ –Hv-ring. The concept ofΓ –Hv-rings, which is a generalization ofΓ -rings andHv-rings,
is introduced. The notion of (∈,∈ ∨q)-fuzzyHv-ideals of aΓ –Hv-ring is provided and some
related properties are investigated. The concept of implication-based fuzzy Hv-ideals of a
Γ –Hv-ring is studied, in particular, the implication operators in the Lukasiewicz system
of continuous-valued logic are discussed. Finally, the homomorphism of (∈,∈ ∨q)-fuzzy
Hv-ideals of a Γ –Hv-ring is explored.
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1. Introduction
The theory of algebraic hyperstructures (or hypersystems) is awell-established branch of classical algebraic theory. In the
literature, the theory of hyperstructure was first initiated by Marty in 1934 [1] when he defined the hypergroups and began
to investigate their properties with applications to groups, rational functions and algebraic functions. Later on, many people
have observed that the theory of hyperstructures also havemany applications in both pure and applied sciences, for example,
semi-hypergroups are the simplest algebraic hyperstructures which possess the properties of closure and associativity.
Some review of the theory of hyperstructures can be found in [2–6], respectively. In a recent monograph of Corsini and
Leoreanu [3], the authors have collected numerous applications of algebraic hyperstructures, especially those from the last
fifteen years to the following subjects: geometry, hypergraphs, binary relations, lattices, fuzzy sets and rough sets, automata,
cryptography, codes, median algebras, relation algebras, artificial intelligence and probabilities. Another book [5] is devoted
especially to the study of hyperring theory. Several kinds of hyperrings are introduced and analyzed. The volume ends with
an outline of applications in chemistry and physics, analyzing several special kinds of hyperstructures: e-hyperstructures
and transposition hypergroups. As is well known, Vougiouklis [6] in the fourth AHA congress (1990), introduced the notion
ofHv-structures satisfying the weak axiomswhere the non-empty intersection replaces the equality. For definitions, results
and applications on Hv-structures, see [7–12].
After introducing the concept of fuzzy sets by Zadeh in 1965 [11], there are many papers devoted to fuzzify the classi-
cal mathematics into fuzzy mathematics. Algebraic structures play a prominent role in mathematics with a wide range of
applications in many disciplines such as theoretical physics, computer sciences, control engineering, information sciences,
coding theory, topological spaces and so on. This provides sufficient motivations for researchers to review various concepts
and results from the realm of abstract algebra to a broader framework of fuzzy setting. The study of the fuzzy algebraic struc-
tures has started in the pioneering paper of Rosenfeld [13]. Rosenfeld introduced the notion of fuzzy group and showed that
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many group theory results can be extended in an elementary manner to develop the theory of fuzzy group. Using the notion
‘‘belongingness (∈)’’ and ‘‘quasi-coincidence (q)’’ of a fuzzy point with a fuzzy set introduced by Pu and Liu [14], the concept
of (α, β)-fuzzy subgroups where α, β are any two of {∈, q,∈ ∨q,∈ ∧q} with α ≠∈ ∧q was introduced by Bhakat and
Das [15] in 1992, in which the (∈,∈ ∨q)-fuzzy subgroup is an important and useful generalization of Rosenfeld’s fuzzy sub-
group. The detailed studywith (∈,∈ ∨q)-fuzzy subgroup has been considered in [16–18]. The concept of an (∈,∈ ∨q)-fuzzy
subring and ideal of a ring have been introduced in [19]. And the concept of (∈,∈ ∨q)-fuzzy subhyperquasigroups of
hyperquasigroups was introduced by Davvaz and Corsini [20]; also see [21–26]. As is well known, the concept of Γ -rings
was first introduced by Nobusawa in 1964, which is a generalization of the concept of rings. Based on [27], we will intro-
duce and investigate Γ –Hv-rings. In Section 2, we recall some basic concepts of Hv-rings. In Sections 3 and 4, we introduce
the concept of Γ –Hv-rings and present some operations of fuzzy sets in Γ –Hv-rings. In Section 5, by using a new idea, we
introduce and investigate the (∈,∈ ∨q)-fuzzyHv-ideals of aΓ –Hv-ring. In Section 6, the concept of implication-based fuzzy
Hv-ideals of a Γ –Hv-ring is studied, in particular, the implication operators in the Lukasiewicz system of continuous-valued
logic are discussed. Finally, the homomorphism of (∈,∈ ∨q)-fuzzy Hv-ideals of a Γ –Hv-ring is studied in Section 7.
2. Hv-rings and fuzzy Hv-ideals
A hypergroupoid (H, ◦) is a non-empty setH with a hyperoperation ◦ defined onH , i.e., a mapping ofH×H into the family
of non-empty subsets of H . If (x, y) ∈ H × H , its image under ◦ is denoted by x ◦ y. If A, B are non-empty subsets of H , then
A ◦ B is given by A ◦ B ={x ◦ y | x ∈ A, y ∈ B}. Also, x ◦ A is used for {x} ◦ A and A ◦ x for A ◦ {x}.
A hypergroupoid (H, ◦) is called an Hv-group if for all x, y, z ∈ H the following two conditions hold:
(1) x ◦ (y ◦ z) ∩ (x ◦ y) ◦ z ≠ ∅,
(2) x ◦ H = H ◦ x = H .
The second condition is called the reproduction axiom, means that for any x, a ∈ H there exist y, z ∈ H such that x ∈ a◦ y
and x ∈ z ◦ a. If (H, ◦) satisfies only the first axiom, then it is called an Hv-semigroup.
An Hv-ring [6] is a multi-valued system (R,+, ·)which satisfies the ring-like axioms in the following way:
(1) (R,+) is an Hv-group,
(2) (R, ·) is an Hv-semigroup,
(3) (·) is weak distributive with respect to (+), i.e., for all x, y, z ∈ Rwe have
x · (y+ z) ∩ ((x · y)+ (x · z)) ≠ ∅ and (x+ y) · z ∩ ((x · z) ∩ (y · z)) ≠ ∅.
Let R be an Hv-ring. A non-empty subset I of R is called a left (resp., right) Hv-ideal if the following conditions hold:
(1) (I,+) is an Hv-subgroup of (R,+),
(2) R · I ⊆ I (resp., I · R ⊆ I).
A mapping µ : X −→ [0, 1], where X is an ordinary non-empty set, is called a fuzzy subset of X . In 1971, Rosenfeld [13]
applied the concept of fuzzy sets to the theory of groups and studied fuzzy subgroups of a group. Since then many papers
concerning various fuzzy algebraic structures have appeared in the literature. Liu [28] introduced and studied the notions of
fuzzy subrings and fuzzy ideals. In [29,30,7], Davvaz applied the concept of fuzzy set theory in the algebraic hyperstructures;
also see [31–34]. In particular, Davvaz in [30] defined the concept of fuzzy Hv-ideal of an Hv-ring which is a generalization
of the concept of fuzzy ideal.
Definition 2.1 ([30]). Let R be an Hv-ring and µ a fuzzy subset of R. Then A is said to be a fuzzy left (resp., right) Hv-ideal of R
if the following axioms hold:
(1) µ(x) ∧ µ(y) ≤z∈x+y µ(z) for all x, y ∈ R,
(2) for all x, a ∈ R there exists y ∈ R such that x ∈ a+ y and
µ(a) ∧ µ(x) ≤ µ(y),
(3) for all x, a ∈ R there exists z ∈ R such that x ∈ z + a and
µ(a) ∧ µ(x) ≤ µ(z),
(4) µ(y) ≤z∈x·y µ(z) for all x, y ∈ R (resp., µ(x) ≤z∈x·y µ(z) for all x, y ∈ R).
(2) is called the left fuzzy reproduction axiom and (3) is called the right fuzzy reproduction axiom.
In this paper, we present all the proofs for the left Hv-ideals. For right Hv-ideals similar results hold as well.
Let µ be a fuzzy subset of a non-empty set X and let t ∈ (0, 1]. The set µt = {x ∈ X |µ(x) ≥ t} is called a level cut of µ.
Theorem 2.2 ([30]). Let R be an Hv-ring and µ a fuzzy subset of R. Then µ is a fuzzy left (resp., right) Hv-ideal of R if and only
if for every t ∈ (0, 1], µt (≠ ∅) is a left (resp., right) Hv-ideal of R.
Whenµ is a fuzzy Hv-ideal of R, µt is called a level Hv-ideal of R. The concept of level Hv-ideal has been used extensively
to characterize various properties of fuzzy Hv-ideals.
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3. Γ –Hv-rings
The concept of Γ -rings was introduced by Nobusawa in 1964. We formulate it as follows.
Definition 3.1 ([27]). Let (R,+) and (Γ ,+) be two additive abelian groups. Then R is called a Γ -ring if the following
conditions are satisfied for all x, y, z ∈ R and for all α, β ∈ Γ ,
(1) xαy ∈ R,
(2) (x+ y)αz = xαz + yαz, x(α + β)y = xαy+ xβy, xα(y+ z) = xαy+ xαz,
(3) xα(yβz) = (xαy)βz.
Example 1. LetM =

0
a

| a ∈ Z

and Γ = b c | b, c ∈ Z. ThenM is a Γ -ring in a natural way.
Now, we introduce the concept of Γ –Hv-rings as follows.
Definition 3.2. Let (R,⊕) and (Γ ,⊕) be twoHv-groups. Then R is called aΓ –Hv-ring if the following conditions are satisfied
for all x, y, z ∈ R and for all α, β ∈ Γ ,
(1) xαy ⊆ R,
(2) (x⊕ y)αz ∩ (xαz ⊕ yαz) ≠ ∅, x(α ⊕ β)y ∩ (xαy⊕ xβy) ≠ ∅ and
xα(y⊕ z) ∩ (xαy⊕ xαz) ≠ ∅,
(3) xα(yβz) ∩ (xαy)βz ≠ ∅.
In what follows, unless otherwise stated, (R,⊕,Γ ) always denotes a Γ –Hv-ring.
Definition 3.3. A subset I in R is said to be a left (resp., right) Hv-ideal of R if it satisfies
(1) (I,⊕) is an Hv-subgroup of (R,⊕),
(2) xαy ⊆ I (resp., yαx ⊆ I) for all x ∈ R, y ∈ I and α ∈ Γ .
I is said to be an Hv-ideal of R if it is both a left and a right Hv-ideal of R.
We make the following example by Example 1 in [30].
Example 2. Let (R,+, ·) be a ring and µ a fuzzy subset of R. We define hyperstructures⊕,⊙, ∗ on R as follows:
x⊕ y = {t | µ(t) = µ(x+ y)} ∪ {x · y},
x⊙ y = {t | µ(t) = µ(x · y)} ∪ {x+ y},
x ∗ y = y ∗ x = {t | µ(x) ≤ µ(t) ≤ µ(y)} ∪ {x · y, x+ y} ( if µ(x) ≤ µ(y)).
Suppose that Γ = {∗,⊙,⊕} ∼= Z3. Notice that we can consider Γ as an additive group of order 3 where ∗ is the identity
element. Then
+ ∗ ⊙ ⊕
∗ ∗ ⊙ ⊕
⊙ ⊙ ⊕ ∗
⊕ ⊕ ∗ ⊙
So (Γ ,+) is an Hv-group. For all x, y, z ∈ R, we have
x ∈ (x ∗ y) ∗ z ∩ x ∗ (y ∗ z).
Moreover, it is clear that the reproduction axiom is valid, i.e., a ∗ R = R ∗ a = R for all a ∈ R. So (R, ∗) is an Hv-group. Now,
we check the other conditions of Definition 3.2.
(1) Clearly, we have x ∗ y ⊆ R, x⊙ y ⊆ R and x⊕ y ⊆ R.
(2) We have the following conditions:
(i) (x ∗ y)αz ∩ [(xαz) ∗ (yαz)] ≠ ∅, for all x, y, z ∈ R and α ∈ Γ . Because
for α = ∗, we have x ∈ (x ∗ y) ∗ z ∩ [(x ∗ z) ∗ (y ∗ z)],
for α = ⊕, we have x+ z ∈ (x ∗ y)⊕ z ∩ [(x⊕ z) ∗ (y⊕ z)],
for α = ⊙, we have x · z ∈ (x ∗ y)⊙ z ∩ [(x⊙ z) ∗ (y⊙ z)].
(ii) x(α + β)y ∩ [(xαy) ∗ (xβy)] ≠ ∅, for all x, y, z ∈ R and α, β ∈ Γ . Because
for α = β = ∗, we have x ∈ x(∗ + ∗)y ∩ [(x ∗ y) ∗ (x ∗ y)],
for α = ∗ and β = ⊙, we have x · y ∈ x(∗ + ⊙)y ∩ [(x ∗ y) ∗ (x⊙ y)],
for α = ∗ and β = ⊕, we have x+ y ∈ x(∗ + ⊕)y ∩ [(x ∗ y) ∗ (x⊕ y)],
for α = β = ⊕, we have x · y ∈ x(⊕+⊕)y ∩ [(x⊕ y) ∗ (x⊕ y)],
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for α = β = ⊙, we have x+ y ∈ x(⊙+⊙)y ∩ [(x⊙ y) ∗ (x⊙ y)],
for α = ⊕ and β = ⊙, we have x+ y ∈ x(⊕+⊙)y = [(x⊕ y) ∗ (x⊙ y)].
(iii) xα(y ∗ z) ∩ [(xαy) ∗ (xαz)] ≠ ∅, for all x, y, z ∈ R and α ∈ Γ . Because
for α = ∗, we have x ∈ x ∗ (y ∗ z) ∩ [(x ∗ y) ∗ (x ∗ z)],
for α = ⊕, we have x+ y ∈ x⊕ (y ∗ z) ∩ [(x⊕ y) ∗ (x⊕ z)],
for α = ⊙, we have x · y ∈ x⊙ (y ∗ z) ∩ [(x⊙ y) ∗ (x⊙ z)].
(3) We have xα(yβz)∩ (xαy)βz ≠ ∅ for all x, y, z ∈ R and α, β ∈ Γ . Because, clearly (R, ∗), (R,⊕) and (R,⊙) are weak
associative. So we consider other cases:
for α = ∗ and β = ⊕, we have y+ z ∈ x ∗ (y⊕ z) ∩ (x ∗ y)⊕ z,
for α = ⊕ and β = ∗, we have x+ y ∈ x⊕ (y ∗ z) ∩ (x⊕ y) ∗ z,
for α = ∗ and β = ⊙, we have y · z ∈ x ∗ (y⊙ z) ∩ (x ∗ y)⊙ z,
for α = ⊙ and β = ∗, we have x · y ∈ x⊙ (y ∗ z) ∩ (x⊙ y) ∗ z,
α = ⊕ and β = ⊙, we have x+ y+ z ∈ x⊕ (y⊙ z) ∩ (x⊕ y)⊙ z,
α = ⊙ and β = ⊕, we have x · y · z ∈ x⊙ (y⊕ z) ∩ (x⊙ y)⊕ z.
4. Fuzzy sets in Γ –Hv-rings
Let X be a non-empty set. The set of all fuzzy subsets of X is denoted by F(X). For any A ⊆ X and r ∈ (0, 1], the fuzzy
subset rA of X is defined by
rA(x) =

r if x ∈ A,
0 otherwise,
for all x ∈ X . In particular, when r = 1, rA is said to be the characteristic function of A, denoted by χA ; when A = {x}, rA is
said to be a fuzzy point with support x and value r and is denoted by xr . A fuzzy point xr is said to belong to(resp., be quasi-
coincident with) a fuzzy set µ, written as xr ∈ µ (resp., xrqµ) if µ(x) ≥ r (resp., µ(x)+ r > 1). If µ(x) ≥ r or µ(x)+ r > 1,
then we write xr ∈ ∨qµ.
For µ ∈ F(X), µ is said to have the sup-property if for any non-empty subset A of X , there exists x ∈ A such that
µ(x) =y∈A µ(y).
Next we define a new ordering relation ‘‘⊆ ∨q’’ on F(X), which is called the fuzzy inclusion or quasi-coincidence relation,
as follows:
For any µ, ν ∈ F(X), µ ⊆ ∨qν if and only if xr ∈ µ implies xr ∈ ∨qν for all x ∈ X and r ∈ (0, 1].
And we define the relation ‘‘≈’’ on F(X) as follows:
For any µ, ν ∈ F(X), µ ≈ ν if and only if µ ⊆ ∨q ν and ν ⊆ ∨q µ.
In what follows, unless otherwise stated,M(r1, r2, . . . , rn), where n is a positive integer, will denote r1 ∧ r2 ∧ · · · ∧ rn for
all r1, r2, . . . , rn ∈ [0, 1],∈ ∨qmeans ∈ ∨q does not hold and⊆ ∨q implies⊆ ∨q is not true.
Lemma 4.1 ([35]). Let X be a non-empty set and µ, ν ∈ F(X). Then µ ⊆ ∨qν if and only if ν(x) ≥ M(µ(x), 0.5) for all x ∈ X.
Lemma 4.2 ([35]). Let X be a non-empty set and µ, ν, ω ∈ F(X) be such that µ ⊆ ∨qν ⊆ ∨qω. Then µ ⊆ ∨qω.
Clearly, Lemma 4.1 implies that µ ≈ ν if and only if M(µ(x), 0.5) = M(ν(x), 0.5) for all x ∈ X and µ, ν ∈ F(X), and it
follows from Lemmas 4.1 and 4.2 that ‘‘≈’’ is an equivalence relation on F(X).
Now, let us define some operations of fuzzy subsets in a Γ –Hv-ring R.
Definition 4.3. Let µ, ν ∈ F(R) and α ∈ Γ . We define fuzzy subsets µ  ν and µαν by
(µ  ν)(z) =

z∈x⊕y
M(µ(x), ν(y))
and
(µαν)(z) =

z∈xαy
M(µ(x), ν(y))
respectively, for all z ∈ R and α ∈ Γ .
It is worth noting that for any xr , ys,∈ F(R), xr  ys = M(r, s)x⊕y and xrαys = M(r, s)xαy.
Lemma 4.4. Let µ1 , µ2 , ν1 , ν2 ∈ F(R) such that µ1 ⊆ ∨q µ2 and ν1 ⊆ ∨q ν2 . Then
(1) µ1  ν1 ⊆ ∨q µ2  ν2 and µ1αν1 ⊆ ∨q µ2αν2 for all α ∈ Γ .
(2) µ1 ∩ ν1 ⊆ ∨q µ2 ∩ ν2 .
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Lemma 4.4 indicates that the equivalence relation ‘‘≈’’ is a congruence relation on (F(R),) and (F(R), α) for all α ∈ Γ .
Lemma 4.5. Let µ, ν, ω ∈ F(R). Then
(1) µ  (ν ∪ ω) = µ  ν ∪ µ  ω, (µ ∪ ν)  ω = µ  ω ∪ ν  ω.
(2) µ  (ν ∩ ω) ⊆ µ  ν ∩ µ  ω, (µ ∩ ν)  ω ⊆ µ  ω ∩ ν  ω.
(3) µα(ν ∪ ω) = µαν ∪ µαω, (µ ∪ ν)αω = µαω ∪ ναω for all α ∈ Γ .
(4) µα(ν ∩ ω) ⊆ µαν ∩ µαω, (µ ∩ ν)αω ⊆ µαω ∩ ναω for all α ∈ Γ .
(5) µα(ν  ω) ⊆ µαν  µαω for all α ∈ Γ .
Proof. The proof of (1)–(4) is straightforward. We show (5). Let x ∈ R and α ∈ Γ . If x ∉ yαz for all y, z ∈ R. Then
(µα(ν  ω))(x) = 0 ≤ (µα(ν  ω))(x). Otherwise, we have
(µα(ν  ω))(x) =

x∈yαz
M(µ(y), (ν  ω)(z)) =

x∈yαz
M

µ(y),

z∈p⊕q
M(ν(p), ω(q))

=

x∈yαz,z∈p⊕q
M(µ(y), ν(p), µ(y), ω(q)) ≤

x∈a⊕b,a∈yαp,b∈yαq
M((µαν)(a), (µαω)(b))
≤

x∈y′⊕z′
M((µαν)(y′), (µαω)(z ′)) = (µαν  µαω)(x).
Hence µα(ν  ω) ⊆ µαν  µαω. This completes the proof. 
5. (∈,∈ ∨q)-fuzzy Hv-ideals of a Γ –Hv-ring
In this section, using the new ordering relation on F(R), we define and investigate (∈,∈ ∨q)-fuzzy left (right) Hv-ideals
of Γ -hyperrings.
Definition 5.1. A fuzzy subset µ of R is called an (∈,∈ ∨q)-fuzzy left (resp., right) Hv-ideal if it satisfies the following
conditions:
(F1a) µ  µ ⊆ ∨q µ,
(F2a) xt , as ∈ µ implies that there exists y ∈ R such that x ∈ a⊕ y and yM(r,s) ∈ ∨qµ,
(F3a) xt , as ∈ µ implies that there exists z ∈ R such that x ∈ z ⊕ a and zM(r,s) ∈ ∨qµ,
(F4a) χRαµ ⊆ ∨qµ (resp., µαχR ⊆ ∨qµ) for all α ∈ Γ .
A fuzzy subsetµ of R is called an (∈,∈ ∨q)-fuzzy Hv-ideal of R if it is both an (∈,∈ ∨q)-fuzzy left and an (∈,∈ ∨q)-fuzzy
right Hv-ideal of R.
Before proceeding, let us first provide some auxiliary lemmas.
Lemma 5.2. Let µ ∈ F(R). Then (F1a) holds if and only if one of the following conditions holds:
(F1b) xr , ys ∈ µ implies M(r, s)x⊕y ⊆ ∨qµ for all x, y ∈ R and r, s ∈ (0, 1].
(F1c)

z∈x⊕y µ(z) ≥ M(µ(x), µ(y), 0.5) for all x, y ∈ R.
Proof. (F1a)⇒ (F1b) Let x, y ∈ R and r, s ∈ (0, 1] be such that xr , ys ∈ µ. Then for any z ∈ x⊕ y, we have
(µ  µ)(z) =

z∈a⊕b
M(µ(a), µ(b)) ≥ M(µ(x), µ(y)) ≥ M(r, s).
Hence zM(r,s) ∈ µ  µ and soM(r, s)x⊕y ⊆ ∨qµ  µ. It follows from (F1a) thatM(r, s)x⊕y ⊆ ∨qµ.
(F1b) ⇒ (F1c) Let x, y ∈ R. If possible, let z ∈ R be such that z ∈ x ⊕ y and µ(z) < r = M(µ(x), µ(y), 0.5). Then
xr , yr ∈ µ and µ(z)+ r < r + r ≤ 1, that is, zr∈ ∨qµ, a contradiction. Hence (F1c) is valid.
(F1c)⇒ (F1a) For xr ∈ µ  µ, if possible, let xr∈ ∨qµ. Then µ(x) < r and µ(x) < 0.5. If x ∈ y⊕ z for some y, z ∈ R, by
(F1c), we have 0.5 > µ(x) ≥ M(µ(y), µ(z), 0.5), which implies µ(x) ≥ M(µ(y), µ(z)). Hence we have
r ≤ (µ  µ)(x) =

x∈a⊕b
M(µ(a), µ(b)) ≤

x∈a⊕b
µ(x) = µ(x),
a contradiction. Hence (F1a) is satisfied. 
Lemma 5.3. Let µ ∈ F(R). Then (F2a) holds if and only if the following condition holds:
(F2b) for all x, a ∈ R there exists y ∈ R such that x ∈ a⊕ y and
M(µ(a), µ(x), 0.5) ≤ µ(y).
Proof. (F2a)H⇒ (F2b): Suppose that x, a ∈ R. We consider the following cases:
(a) M(µ(x), µ(a)) < 0.5,
(b) M(µ(x), µ(a)) ≥ 0.5.
B. Davvaz et al. / Computers and Mathematics with Applications 61 (2011) 690–698 695
Case a: Assume that for all ywith x ∈ a⊕ y, we haveµ(y) < µ(x)∧µ(a). Choose t such thatµ(y) < t < M(µ(x), µ(a)).
Then xt , at ∈ µ, but yt∈ ∨qA, which contradicts (F2a).
Case b: Assume that for all ywith x ∈ a⊕ y, we have
µ(y) < M(µ(x), µ(a), 0.5).
Then x0.5, a0.5 ∈ µ, but y0.5∈ ∨qµ, which contradicts (F2a).
(F2b)H⇒ (F2a): Let xt , ar ∈ µ. Then µ(x) ≥ t and µ(a) ≥ r . Now, for some ywith x ∈ a⊕ ywe have
µ(y) ≥ M(µ(a), µ(x), 0.5) ≥ M(t, r, 0.5).
IfM(t, r) > 0.5, then µ(y) ≥ 0.5 which implies µ(y)+M(t, r) > 1.
IfM(t, r) ≤ 0.5, then µ(y) ≥ M(t, r).
Therefore, yM(t,r) ∈ ∨qµ. Hence (F2a) holds. 
Lemma 5.4. Let µ ∈ F(R). Then (F3a) holds if and only if the following condition holds:
(F3b) for all x, a ∈ R there exists z ∈ R such that x ∈ z ⊕ a and
M(µ(a), µ(x), 0.5) ≤ µ(z).
Proof. It is similar to the proof of Lemma 5.3. 
Lemma 5.5. Let µ ∈ F(R) and α ∈ Γ . Then (F4a) holds if and only if one of the following conditions holds:
(F4b) xr ∈ µ implies ryαx1 ⊆ ∨qµ (resp., rxαy1 ⊆ ∨qµ) for all x, y, z ∈ R and r ∈ (0, 1].
(F4c)

z∈xαy µ(z) ≥ M(µ(y), 0.5) (resp.,

z∈xαy µ(z) ≥ M(µ(x), 0.5)) for all x, y ∈ R and α ∈ Γ .
Proof. The proof is similar to the proof of Lemma 5.2. 
Let µ be a fuzzy subset and r ∈ (0, 1]. Then the set [µ]r = {x ∈ R | xr ∈ ∨qµ} is called the ∈ ∨q-level subset of µ.
The next theorem provides the relationship between (∈,∈ ∨q)-fuzzy left (resp., right)Hv-ideals of Γ –Hv-rings and crisp
left (resp., right) Hv-ideals of Γ –Hv-rings.
Theorem 5.6. Let µ ∈ F(R). Then
(1) µ is an (∈,∈ ∨q)-fuzzy left (resp., right) Hv-ideal of R if and only if µr (µr ≠ ∅) is a left (resp., right) Hv-ideal of R for all
r ∈ (0, 0.5].
(2) µ is an (∈,∈ ∨q)-fuzzy left (resp., right) Hv-ideal of R if and only if [µ]r([µ]r ≠ ∅) is a left (resp., right) Hv-ideal of R for
all r ∈ (0, 1].
Proof. We only show (2). Let µ be an (∈,∈ ∨q)-fuzzy left Hv-ideal of R and x, y ∈ [µ]r for some r ∈ (0, 1]. Then
µ(x) ≥ r or µ(x) > 1 − r and µ(y) ≥ r or µ(y) > 1 − r . Since µ is an (∈,∈ ∨q)-fuzzy left Hv-ideal of R, we have
µ(z) ≥ M(µ(x), µ(y), 0.5) for all z ∈ x⊕ y. We consider the following cases:
(a) r ∈ (0, 0.5],
(b) r ∈ (0.5, 1].
Case a: Since r ∈ (0, 0.5], we have 1 − r ≥ 0.5 ≥ r and so µ(z) ≥ M(r, r, 0.5) = r or µ(z) ≥ M(r, 1 − r, 0.5) = r or
µ(z) ≥ M(1− r, 1− r, 0.5) = 0.5 ≥ r for all z ∈ x⊕ y. Hence zr ∈ µ for all z ∈ x⊕ y.
Case b: Since r ∈ (0.5, 1], we have 1− r < 0.5 < r and soµ(z) ≥ M(r, r, 0.5) = 0.5 orµ(z) > M(r, 1− r, 0.5) = 1− r
or µ(z) > M(1− r, 1− r, 0.5) = 1− r for all z ∈ x⊕ y. Hence zr ∈ ∨qµ for all z ∈ x⊕ y.
Thus in any case, z ∈ [µ]r for all z ∈ x ⊕ y. Similarly we can show that there exist y, z ∈ [µ]r such that x ∈ a ⊕ y and
x ∈ z ⊕ a for all x, a ∈ [µ]r and that xαy ∈ [µ]r for all x ∈ R, y ∈ [µ]r and α ∈ Γ . Therefore, [µ]r is a left Hv-ideal of R.
Conversely, let µ ∈ F(R) and [µ]r is a left Hv-ideal of R for all r ∈ (0, 1]. Let x, y ∈ R. If there exists z ∈ R such that
µ(z) < r = M(µ(x), µ(y), 0.5), then x, y ∈ [µ]r but z ∉ [µ]r , a contradiction. Therefore,µ(z) ≥ M(µ(x), µ(y), 0.5) for all
z ∈ x ⊕ y. Similarly we can show that there exist y, z ∈ R such that x ∈ a ⊕ y, x ∈ z ⊕ a, µ(y) ≥ M(µ(x), µ(a), 0.5) and
µ(z) ≥ M(µ(x), µ(a), 0.5) and that µ(xαy) ≥ M(µ(y), 0.5) for all x, y ∈ R and α ∈ Γ . Therefore, µ is an (∈,∈ ∨q)-fuzzy
left Hv-ideal of R by Lemmas 5.2–5.5.
The case for (∈,∈ ∨q)-fuzzy right Hv-ideals of R can be similarly proved. 
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6. Implication-based fuzzy Hv-ideals of a Γ –Hv-ring
Fuzzy logic is an extension of set theoretic multi-valued logic in which the truth values are linguistic variables (or terms
of the linguistic variable truth). Some operators, like ∧,∨,¬,→ in fuzzy logic are also defined by using truth tables, the
extension principle can then be applied to derive definitions of the operators. In fuzzy logic, truth value of fuzzy proposition
µ is denoted by [µ]. In the following, we display the fuzzy logical and corresponding set-theoretical notions.
[x ∈ µ] = µ(x);
[x ∉ µ] = 1− µ(x);
[µ ∧ ν] = min{[µ], [ν]};
[µ ∨ ν] = max{[µ], [ν]};
[µ→ ν] = min{1, 1− [µ] + [ν]};
[∀xµ(x)] = inf[µ(x)];
|H µ if and only if [µ] = 1 for all valuations.
Of course, various implication operators can be similarly defined.We only show a selection of them in the following table,
where α denotes the degree of truth (or degree of membership) of the premise and b denotes the respective values for the
consequence, and I the resulting degree of truth for the implication:
Name Definition of implication operators
Early Zadeh Im(α, β) = max{1− α,min{α, β}}
Lukasiewicz Ia(α, β) = min{1, 1− α + β}
Standard star (Godel) Ig(α, β) =

1 if α ≤ β
β if α > β
Contraposition of Godel Icg(α, β) =

1 if α ≤ β
1− α if α > β
Gaines–Rescher Igr(α, β) =

1 if α ≤ β
0 if α > β
Kleene–Dienes Ib(α, β) = max{1− α, β}
The ‘‘quality’’ of these implication operators could be evaluated either by empirical or by axiomatical methods. In the
following definition, we consider the implication operators in the Lukasiewicz system of continuous-valued logic.
Definition 6.1. A fuzzy subset µ of R is called a fuzzifying left (resp., right) Hv-ideal of R if and only if it satisfies:
(1) for any x, y ∈ R, |H [[x ∈ µ] ∧ [y ∈ µ] → [∀z ∈ x⊕ y, z ∈ µ]],
(2) for any x, a ∈ R, there exists y ∈ Rwith x ∈ a⊕ y and |H [[x ∈ µ] ∧ [a ∈ µ] → [y ∈ µ]],
(3) for any x, a ∈ R, there exists z ∈ Rwith x ∈ z ⊕ a and |H [[x ∈ µ] ∧ [a ∈ µ] → [z ∈ µ]],
(4) for any x, y ∈ R, |H [[y ∈ µ] → [∀z ∈ xαy, z ∈ µ]] (resp., |H [[x ∈ µ] → [∀z ∈ xαy, z ∈ µ]]).
In [36], the concept of t-tautology is introduced, i.e.,
|Ht P if and only if [p] ≥ t for all valuations.
Based on [36], we can extend the concept of implication-based fuzzy Hv-ideals in the following way:
Definition 6.2. A fuzzy subset µ of R is called a t-implication-based fuzzy left (resp., right) Hv-ideal of R with respect to the
implication→ if and only if it satisfies:
(1) for any x, y ∈ R, |Ht [[x ∈ µ] ∧ [y ∈ µ] → [∀z ∈ x⊕ y, z ∈ µ]],
(2) for any x, a ∈ R, there exists y ∈ Rwith x ∈ a⊕ y and |Ht [[x ∈ µ] ∧ [a ∈ µ] → [y ∈ µ]],
(3) for any x, a ∈ R, there exists z ∈ Rwith x ∈ z ⊕ a and |Ht [[x ∈ µ] ∧ [a ∈ µ] → [z ∈ µ]],
(4) for any x, y ∈ R and α ∈ Γ , |Ht [[y ∈ µ] → [∀z ∈ xαy, z ∈ µ]] (resp., |Ht [[x ∈ µ] → [∀z ∈ xαy, z ∈ µ]]).
Now, let I be an implication operator. Then
Corollary 6.3. A fuzzy subset µ of R is a t-implication-based fuzzy left (resp., right) Hv-ideal of R with respect to the implication
I if and only if
(1) I(µ(x) ∧ µ(y),z∈x⊕y µ(z)) ≥ t for all x, y ∈ R,
(2) for any x, a ∈ R, there exists y ∈ R with x ∈ a⊕ y and I(µ(x) ∧ µ(a), µ(y)) ≥ t,
(3) for any x, a ∈ R, there exists z ∈ R with x ∈ z ⊕ a and I(µ(x) ∧ µ(a), µ(z)) ≥ t,
(4) I(µ(y),

z∈xαy µ(z)) ≥ t (resp., I(µ(x),

z∈xαy µ(z)) ≥ t) for all x, y ∈ R and α ∈ Γ .
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Let µ be a fuzzy subset of R, then we have the following result:
Theorem 6.4. Let I = Ig . Then µ is a 0.5-implication-based fuzzy Hv-ideal of R if and only if µ is an (∈,∈ ∨q)-fuzzy Hv-ideal
of R.
Proof. The proof is straightforward, by considering the definitions. 
7. The homomorphism of (∈,∈ ∨q)-fuzzy Hv-ideals of Γ –Hv-rings
In this section, we will concentrate our study on the homomorphism of (∈,∈ ∨q)-fuzzy Hv-ideals of Γ –Hv-rings. We
start by introducing the following definition.
Definition 7.1. Let (R,⊕,Γ ) and (R′,⊕′,Γ ′) be a Γ –Hv-ring and a Γ ′–Hv-ring, respectively. An ordered pair (ϕ, θ) of
mappings is called a homomorphism from R to R′ if it satisfies the following properties:
(1) ϕ is an Hv-group homomorphism from R to R′, that is, ϕ(x⊕ y) = ϕ(x)⊕′ ϕ(y) for all x, y ∈ R,
(2) θ is an Hv-group isomorphism from Γ onto Γ ′,
(3) ϕ(xαy) = ϕ(x)θ(α)ϕ(y) for all x, y ∈ R and α ∈ Γ .
If such a homomorphism ϕ is surjective, injective or bijective, the ordered pair (ϕ, θ) is called an epimorphism, a
monomorphism or an isomorphism. We write R ∼= R′ if R is isomorphic to R′.
Lemma 7.2. Let (R,⊕,Γ ) and (R′,⊕′,Γ ′) be a Γ –Hv-ring and a Γ ′–Hv-ring, respectively, (ϕ, θ) is a homomorphism from R
to R′, and let µ, ν ∈ F(R), µ′, ν ′ ∈ F(R′). Then
(1) µ ⊆ ∨qν implies ϕ(µ) ⊆ ∨qϕ(ν).
(2) µ′ ⊆ ∨qν ′ implies ϕ−1(µ′) ⊆ ∨qϕ−1(ν ′).
(3) ϕ(µ  ν) = ϕ(µ)′ ϕ(ν).
(4) ϕ(µαν) = ϕ(µ)θ(α)ϕ(ν) for all α ∈ Γ .
Proof. The proof of (1) and (2) is straightforward by Lemma 4.1. We show (3). The proof of (4) is similar. Let x′ ∈ R′. If
ϕ−1(x′) = ∅, it is clear that ϕ(µ  ν)(x′) = 0 = (ϕ(µ)′ ϕ(ν))(x′). Otherwise, we have
(ϕ(µ)′ ϕ(ν))(x′) =

x′∈y′ ⊕′ z′
M(ϕ(µ)(y′), ϕ(ν)(z ′))
=

y′,z′∈Im(ϕ),x′∈y′ ⊕′ z′
M(ϕ(µ)(y′), ϕ(ν)(z ′))
=

y′,z′∈Im(ϕ),x′∈y′ ⊕′ z′
M
 
ϕ(y)=y′
µ(y),

ϕ(z)=z′
ν(z)

=

x′∈ϕ(y)⊕′ ϕ(z)=ϕ(y⊕z)
M (µ(y), ν(z))
=

ϕ(x)=x′,x∈y⊕z
M (µ(y), ν(z))
=

ϕ(x)=x′
(µ  ν)(x)
= ϕ(µ  ν)(x′).
This implies ϕ(µ  ν) = ϕ(µ)′ ϕ(ν). 
The following two theorems can be easily derived by the previous lemma.
Theorem 7.3. Let (R,⊕,Γ ) and (R′,⊕′,Γ ′) be a Γ –Hv-ring and a Γ ′–Hv-ring, respectively, (ϕ, θ) is an epimorphism from R
onto R′, and let µ be an (∈,∈ ∨q)-fuzzy Hv-ideal of R. Then ϕ(µ) is an (∈,∈ ∨q)-fuzzy Hv-ideal of R′.
Theorem 7.4. Let (R,⊕,Γ ) and (R′,⊕′,Γ ′) be a Γ –Hv-ring and a Γ ′–Hv-ring, respectively, (ϕ, θ) is a homomorphism from R
to R′, and let µ′ be an (∈,∈ ∨q)-fuzzy Hv-ideal of R′. Then ϕ−1(µ) is an (∈,∈ ∨q)-fuzzy Hv-ideal of R.
Combining Theorems 7.3 and 7.4, we have the following result.
Theorem 7.5. Let (R,⊕,Γ ) and (R′,⊕′,Γ ′) be a Γ –Hv-ring and a Γ ′–Hv-ring, respectively, (ϕ, θ) is an epimorphism from R
onto R′. Then the mapping ψ : µ→ ϕ(µ) defines a one-to-one correspondence between the set of all (∈,∈ ∨q)-fuzzy Hv-ideals
of R and the set of all (∈,∈ ∨q)-fuzzy Hv-ideals of R′.
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Next,wewill establish the generalized fuzzy homomorphism theorems ofΓ –Hv-rings. Letµ be a fuzzy subset of R. Define
a subset µR of R as µR =

x ∈ R | M y∈R µ(y), 0.5 = M(µ(x), 0.5).
Lemma 7.6. Let µ be an (∈,∈ ∨q)-fuzzy Hv-ideal of R. Then µR is an Hv-ideal of R.
Proof. Let x, y ∈ µR and a ∈ x⊕ y. Then
M(µ(a), 0.5) ≥ M(M(µ(x), µ(y), 0.5), 0.5) = M

y∈R
µ(y), 0.5

≥ M(µ(a), 0.5),
this impliesM(µ(a), 0.5) = M y∈R µ(y), 0.5 and so a ∈ µR. Hence x⊕y ⊆ µR. In a similar way, we have xαµR∪µRαx ⊆
µR for all x ∈ R and α ∈ Γ . Hence µR is an Hv-ideal of R. 
Theorem 7.7. Let (R,⊕,Γ ) and (R′,⊕′,Γ ′) be a Γ –Hv-ring and a Γ ′–Hv-ring, respectively, (ϕ, θ) is a homomorphism from R
to R′, and let µ and µ′ be a t-implication-based fuzzy Hv-ideal of R and a t-implication-based fuzzy Hv-ideal of R′, respectively.
Then
(1) ϕ(µ) is a t-implication-based fuzzy Hv-ideal of R′ if (ϕ, θ) is an isomorphism.
(2) ϕ−1(µ′) is a t-implication-based fuzzy Hv-ideal of R.
Proof. The proof is straightforward. 
8. Conclusions
In this paper, we consider a new kind of hyperalgebra—Γ –Hv-rings, which is a generalization of Γ -rings and Hv-rings.
By means of a kind of new ideal, the notion of (∈,∈ ∨q)-fuzzy Hv-ideals of a Γ –Hv-ring was provided and investigated. The
concept of implication-based fuzzyHv-ideals of a Γ –Hv-ring was also introduced and discussed. In our future study of fuzzy
structures of Γ –Hv-rings, may be the following topics should be considered:
(1) To focus intuitionistic and/or interval-valued fuzzy sets and triangular norms.
(2) To consider roughness of Γ –Hv-rings.
(3) To establish other types of (α, β)-fuzzy Hv-ideals, where α, β is any one of {∈, q,∈ ∨q,∈ ∧q}with α ≠∈ ∧q.
(4) To describe the soft Γ –Hv-rings and its applications.
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